Considering a sequence of i.i.d. positive random variables, for products of sums of partial sums we establish an almost sure central limit theorem, which holds for some class of unbounded measurable functions.
Introduction and main results
Let {X n ; n ≥ } be a sequence of random variables and define S n = n i= X i . Some results as regards the limit theorem of products 
where F(·) is the distribution function of the random variable e √ /N .
The purpose of this article is to establish that Theorem D holds for some class of unbounded measurable functions.
Our main result is the following theorem. 
Since 
(  .  ) 
Preliminaries
In the following, the notation a n ∼ b n means that lim n→∞ a n /b n =  and a n b n means that lim sup n→∞ |a n /b n | < +∞. We denote
Note that
By the fact that log( + x) = x + δ  x  , where |x| < , δ ∈ (-, ), thus we have
By the fact that E|X  |  < ∞, using the Marcinkiewicz-Zygmund strong large number law, we have
In order to prove Theorem ., we introduce the following lemmas.
Lemma . Let X and Y be random variables. Set F(x)
, then for any ε >  and x ∈ R, 
Lemma . Under the conditions of Theorem ., we get
Proof It is easy to get
a.s.; see (.). By the law of iterated logarithm (Feller [] , Theorem ), we get
We complete the proof of Lemma ..
, X  , respectively. denotes the distribution function of the standard normal distribution function. Set
Obviously σ i ≤ , lim i→∞ σ i = .
Lemma . Under the conditions of Theorem ., we have
Proof Note that the estimation
holds for any bounded, measurable function (x) and the distribution functions H  (x),
here and in the sequel
Hence, by the Cauchy-Schwarz inequality and the fact that f (x)φ(x) = ( + |x|) -α , we obtain
By the same methods as that on p. of Berkes et al.
[], we get
Now we estimate θ i . By Lemma ., for any ε > , we have
By the Markov inequality and (.), we have
By Lemma ., we have
By the Berry-Esseen inequality, we have
Therefore, there exists ε  >  such that
By the fact that (α + )/ > β, we have
We complete the proof of Lemma ..
Lemma . Under the conditions of Theorem
where τ is a constant  < τ ≤ /.
Proof For  ≤ i ≤ j/, j ≥ j  and any x, y, we first prove
. By the Chebyshev inequality, we have
where τ  is a constant  < τ  ≤ /. By the Markov inequality and (.), for j ≥ j  , we have
where τ  is a constant,  < τ  ≤ /. By the Markov inequality, we have
where τ  is a constant that satisfies  < τ  ≤ /. By Lemma . and the fact that
We can get a similar upper estimate for P(Y i ≤ x, Y j ≤ y) in the same way. Thus there exists some constant M such that
A similar argument,
holds for some constant M . Thus we prove that (.) holds. 
Thus we have
We complete the proof of Lemma ..
Lemma . Under the conditions of Theorem
Proof It follows from Lemma . and Lemma . that Lemma . also holds true. The proof is similar to that of Lemma  of Berkes et al.
[]. So we omit it here.
Proof of theorem
By Lemma ., we have 
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